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Many chemical reactions are intrinsically coupled with transport phenomena. In realistic systems, both the
chemical reactions as well as the transport phenomena are functions of space. Despite spatial distribution, it
is customary to fit transport and kinetic properties in experiments to simplified lumped models. This paper
outlines a method to acquire unknown system properties in reacting systems with transport coupling. Rigorous
metrics to quantify confidence levels of these distributed models and their parameters to represent the
experimental data will also be computed. We will advocate the advantage of deploying confidence information
together with apparent physical and chemical properties for flexible process design. Hence, we will find the
most cost-effective design subject to the accurate statistical error information of the model parameters. The
paper will introduce mathematical foundations and nonlinear programming solutions based on trust region
methods with inexact function and gradient evaluations specifically designed for inversion problem of distributed
systems. A comprehensive example for the optimal design of catalytic pellet reactor will illustrate the proposed
approach.

1. Introduction

Chemical process development traverses through two stages.
In the first stage, experiments provide data about chemical and
physical state changes so that proper mathematical models and
their parameters can be established. This stage is referred to as
model identification. The second stage uses the mathematical
model todesignthe process for optimal performance. Process
optimization maximizes the expected performance to determine
the best design variables such as reaction temperature, operating
pressure, and reactor dimensions. Current chemical reactors
models often focus on lumped models without considering the
spatial variation of the velocity, temperature, and concentration
fields. Model parameters obtained from such experiments do
not account for mass and heat transport. However, many
technically important reaction processes involve chemical
reactions with strong heat and mass transfer coupling. This
article will study process design based on experimental data
using two-dimensional distributed reaction and transport models.
The advantages of estimating reaction and transport properties
in distributed systems simultaneously will be demonstrated.
Problem formulation and numerical solutions techniques will
be discussed. This activity is termedproblem inVersion. Many
researchers have worked in inversion problems, but most
approaches only focus on the kinetic mechanisms without
considering their spatial dependence.1-4 Most parameter estima-
tion work does not address simultaneously reaction and transport
phenomena.

Prior work in distributed systems concerned inverse heat
conduction, air pollution, and data assimilation for meteorologi-
cal and/or oceanic models.5 Inverse heat transfer problems have
been studied because of the importance of aerodynamic heating
of space vehicles, whose thermal shell temperature during
reentry into the atmosphere is higher than can be measure with
thermocouples directly.6 Borggaard and Burns7 presented a trust
region approach to determine the shape parameters for matching

the flow to aerodynamic design. Truncated Newton’s optimiza-
tion with finite elements was implemented to reconstruct the
tissue optical property maps from exterior measurements of
frequency-domain photon migration (FDPM).8

Another shortcoming in existing distributed process develop-
ment is the lack in mathematical methods to quantify uncer-
tainty. Most designs optimized for nominal conditions are
subsequently relaxed to accommodate uncertainty. If uncertainty
sources are considered, the prevailing assumption is to treat them
as statistically independent of each other. This parametric
independence, however, cannot be justified for coupled transport
and kinetic properties. The coupling of the process parameters
can be quantified with the help of the experimental data.9,10 In
this article, we propose to extract the optimal parameters along
with their correlations for distributed systems from experimental
data. Once the parameters and the information regarding their
uncertainty are obtained rigorously, we propose to conduct
flexible design using probabilistic optimization to maximize
expected performance.

The article is organized as follows. Section 2 will introduce
the mathematical background to formulate inversion problems
for distributed systems. Transport problem discretization by the
finite volume approach will be shown. We will propose inexact
trust region methods to solve the parameter estimation problem
as well as to obtain the desired uncertainty information. In
Section 3, we will illustrate the application of a transport and
kinetic inversion problem using a tubular flow reactor for
catalyzed desulfurization. After identifying unknown reaction
rates and transport properties, rigorous design optimization under
uncertainty will be the subject of Section 4. The paper closes
with conclusions.

2. Design for the Distributed Systems

Consider the proposed process development methodology in
two stages shown in Figure 1. The first stage seeks to identify
unknown reaction and transport parameters from experimental
observations. Ideally, we would like to discover reaction and
transport phenomena with limited concentration or temperature
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measurements collected at convenient positions of the reaction
experiment. The optimal parameter set is obtained by solving a
least-squares-fitting problem between the observations and the
proposed distributed model. Statistical information character-
izing the confidence in the models’ parameters with respect to
experimental data is computed simultaneously. In the second
stage, we propose a flexible design method based on accurate
probability distributions for each parameter. The design opti-
mization maximizes performance within the uncertainty space
delineated in the first stage. Both subproblems entail mathemati-
cal programs with partial differential equation constraints. Three
main ideas help solve the distributed inversion problem: (i)
discretization of transport equations using a finite volume
approach; (ii) inexact trust region methods to solve large
distributed optimization problems; and (iii) beneficial use of
response maps to assemble efficiently and robustly parameter
sensitivities and the Hessian matrix for large-scale transport and
kinetic inversion problems.

2.1. Parameter Estimation in Distributed System.Systems
1 and 2 define the steady-state parameter estimation problem
in the distributed system. Experiments yield known measure-
ments of state variablesφ̂(x) at locationsx. They can include
species concentrations, temperatures, or flow velocity measure-
ments. First principles mathematical models quantify the
distributed states,φ(x,θ), in terms of unknown reaction and
transport properties,θ. The system of constraints (eq 2)
represents, generically, conservation laws for mass (φ ) 1),
momentum (φ ) u), species (φ ) C), or energy transfer (φ )
H). The set of unknown system parameters,θ, may include
unknown transport properties such as diffusivity, porosity, and

permeability as well as reaction kinetic rates appearing in source
termsS(x,θ,φ). The unknown parameters,θ, in system 1 will
be recovered by least-squares optimization against the experi-
mental data set.F is the covariance matrix of experimental data
accounting for measurement accuracy.

The transport and kinetic inversion problem presented above
constitutes a nonlinear optimization problem with partial dif-
ferential equation (PDE) constraints.5 Before solving the
problem numerically, the PDE constraints need to be converted
into algebraic equations, as discussed in the next section.

2.2. Discretization of the PDE Constraints: The Finite
Volume Method. For a large-scale transport and kinetic
inversion problem (TKIP), we propose the finite volume method
for the spatial discretization of the transport equations. This
process will produce algebraic equations instead of eq 2. In the
finite volume method, the spatial domain is divided into a
discrete number of nonoverlapping control volumes. The
conservation balances of eq 2 can be formulated over each
volume shown in Figure 2 according to eq 3.

Integration of eq 3 along the main coordinate directions with
proper profile assumptions yields algebraic expressions for each
transport of quantity,φ, across each control volume. Similar
balances for all other control volumes convert the continuous
PDE into a set of algebraic constraints for all states,φ, as given
in eq 4.

An attractive feature of the finite volume formulation is the
integral conservation of quantities such as mass, momentum,
and energy over each control volume individually as well as
over the entire problem domain. This property is harder to
enforce in finite difference and finite element methods.11

After the constraints’ discretization, the problem becomes a
large-scale nonlinear optimization problem (NLP). To solve this
NLP, we propose a reduced space optimization approach based
on the inexact trust region method.

2.3. Mathematical Programming Solution.Two challenges
pertaining to the transport and kinetic inversion problem require
special attention: (i) its size due to the discretization of the
problem domain and (ii) difficulty in convergence, especially

Figure 1. Overall information flowsheet of the proposed flexible design
methodology.

Figure 2. Typical balance envelope is considered by the finite volume
method in two dimensions.
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when large variations in the parameter set cause physically
meaningless departures. To attack these problems, we propose
an inexact trust region method with the following advantages:
(i) a drastic design variable set reduction by separating the search
for unknown parameter updates from the solution of the
distributed transport equations; (ii) a rigorous enforcement of
physically meaningful bounds on parameter updates in each
iteration; and (iii) efficient computation of parameter sensitivity
information to provide necessary gradient information. As a
result, our approach converges globally by sequentially solving
linear optimization subproblems in which the true error surface
is replaced by first-order response maps leading to quadratic
subproblems, as shown in Figure 3. Section 2.4 will discuss
the efficient computation of sensitivity information. Section 2.5
describes the implementation of the proposed inexact trust region
method.

2.4. Response Maps of Transport Equations.Solving
objective 1 subject to discretized transport eq 4 entails finding
the derivatives of each transport quantity,φi, with respect to
each unknown parameter,θ. The computation of the sensitivity
information requires analytical differentiation of the transport
equations with the help of the chain rule. Implicit differentiation
produces additionalM × N sensitivity equations as in eq 5,
whereM is the total number of unknown state variables of the
transport equation andN is the number of optimization
parameters.

The unknown sensitivity variables,∂φ/∂θj ) ∇θjφ, can be
expressed in matrix form as a linear algebraic problem given
in eq 6.

The knownM × M matrix,∇φh, contains the derivatives of the
transport equations with respect to the state variablesφ. The
right-hand side vector,∇θjh, represents the partial derivatives of
transport equations with respect to the unknown parameters,θ.
The same derivative matrix,∇φh, also appears in the transport
problem when solved with Newton’s methods. Thus, the state
Jacobian matrix,∇φh, has to be factorized only once; the
computation of the sensitivity equations can then be done
inexpensively.12-15

2.5. Implementation of Inversion Problems with Inexact
Newtons Methods.The trust region method is a gradient-based
nonlinear optimization routine with step-size control.16-18 It
chooses the search direction for parameter updates as a
combination of the Newton and the steepest descent direction
as depicted in Figure 4a. Accordingly, it can also be deployed
when the Jacobian or Hessian matrix is singular or near singular.
This advantage is crucial in ill-conditioned transport and kinetic
inversion problems.

Even when using accurate sensitivity information, the nu-
merical solution of TKIP is time-consuming and often fails to
converge. As a remedy, the proposed trust region method limits
the maximum permissible parameter update from one iteration
to the next. The nametrust regionderives from the concept of
the scalar radius,γ, sizing the maximum permissible parameter
change (|∆θ| e γ). Moreover, it is not necessary to solve for
state variables and derivative information exactly when the
algorithm is still far from the final solution. Therefore, the
algebraic state eq 2 is not solved exactly, and only an
approximationφ̃ is computed. Similarly, gradient computations
requiring the solution of linear subproblems are converged only
partially to yield approximate sensitivity information,J̃. The
inexact trust region method can then be formulated as in eqs 7
and 8. Its iterative search directions in comparison to the
classical trust region methods are shown in Figure 4b.

The proposed inexact trust region method uses approximation
for the state,φ̂, and the sensitivity,J̃ ) ∂φ̃/∂θ, but is otherwise
identical to the traditional trust region method.

What are the accuracy requirements on evaluations of
functions and derivative information? To keep the strong global
convergence for the inexact trust region method, the relative
error of the Jacobian,J̃, has to be bounded in each iteration.
Some researchers have shown global convergence of the inexact
trust region algorithm provided that the relative gradient error
satisfies eq 9.16,17

The expression|ek| is the norm of residual errors of the
discretized transport functions in each iteration. The scalar,|gk|,
represents the first-order derivative of the least-squares objective
function, which is (φ(x,θk) - φ̂(x))TJ̃. The user-specified
constantς has a typical value,ς ) 0.8.16 The inexact algorithm
summarized in Table 1 uses the same steps as the classical trust
region method. The detailed discussion and implementation of
the algorithm can be found elsewhere.18-20

A successful application of the proposed methodology is
demonstrated by the design of a catalytic pellet reactor under
uncertainty.

3. Application

In this section, we present the design of a catalytic pellet
reactor under uncertainty. First, we recover the optimal param-
eters and their variability from experimental data using transport
and kinetic inversion. We propose to sample the uncertain space
using the accurate probability information. Finally, using

Figure 3. Approximate quadratic error surface in each iteration for trust
region method.
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