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Abstract  Rising energy costs and growing environmental awareness motivate a critical revision of the design of 
distillation units. Systematic design techniques, such as the rectification body, column profile map, and temperat re 
collocation methods  require exact know edge of all pinch poi ts in a particular system, because these stationary 
points delineate the possible composition trajectories realizable in separation columns. This paper demonstrates 
novel methods for rigorously determining all pinch points for the constant relative volatility, ideal and non-ideal 
systems. Constant relative volatility and ideal solution systems are transformed into one-dimensional polynomial 
and nonlinear functions, regardless of the number of the components. A deflation method is proposed to locate all 
zeros in ideal and non-ideal zeotropic problems. For more challenging non-ideal problems, a novel hybrid sequen-
tial niche algorithm is used to solve hard azeotropic problems successfully. Finally, the design implications of these 
pinch point locations are investigated to show how new separation configurations can be devised. Methodically the 
paper points out the use of rigorous pinch point computations in conjunction with continuous composition profiles 
for robust distillation design. 
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1  INTRODUCTION 

Distillation is by far the most utilized large scale 
industrial method of liquid mixture separation. It is an 
energy intensive process and accounts for a significant 
percentage of plant utility costs. A survey conducted 
in the mid 1990’s estimates that energy inputs to dis-
tillation columns in the United States accounts for 
approximately 3% of the country’s total energy con-
sumption [1]. Due to the significant costs associated 
with operating distillation units and the rising cost of 
energy and environmental concerns, new methods are 
required to improve the understanding of these systems 
so that more energy efficient processes can be designed. 

A rigorous means of determining whether a dis-
tillation unit, simple or complex, is feasible requires 
solving multiple tray-by-tray mass, equilibrium, sum-
mation and heat (MESH) equations. However, solving 
separation problems with MESH equations become 
exceedingly difficult as the number of components 
increase, exceeding current optimization techniques. 
Numerous simplified techniques, such as the Rectifi-
cation Body Method [2] and the Underwood Method  
[3, 4], have also been proposed to facilitate the design 
of distillation systems. Specifically, the Rectification 
Body Method proposes the estimation of column  
feasibility by investigating a design space delineated 
by pinch points. This method has been applied to 
azeotropic separations, complex column arrangements 
as well as reactive distillation problems. The Under-
wood equation applies only to solutions that can be 
approximated with a constant relative volatility model. 
Recently, Hildebrandt and Glasser’s group introduced 

Column Profile Maps (CPMs), a graphical technique 
that approximates stage-by-stage liquid composition 
profiles through a first order ordinary differential equa-
tion [5, 6]. Their generalized difference point equation 
is an adaptation of rectifying and stripping profile 
equations first proposed by van Dongen and Doherty 
[7]. The general nature of these equations allows the 
designer to assess both simple and complex columns 
as well as complex thermally coupled columns such as 
Petlyuk columns [8]. Furthermore, they suggested the 
advantage of extending the study of profiles, and pinch 
points, seen outside the physically realizable space. 
They demonstrate that this global topological view 
renders critical novel insights into the design, before 
being bound by a predefined structure. 

Linninger’s group devised a Temperature Collo-
cation technique for systematically ascertaining feasi-
ble column configurations searching for liquid com-
position profile intersections using a bubble point dis-
tance objective function [9]. This technique was suc-
cessfully used to synthesize simple column networks 
[10]. Recently, they extended the temperature colloca-
tion method to systems of columns, both simple and 
complex, and were able to show that their designs 
matched a rigorous, MESH solving, process simula-
tion package, Aspen Plus [11 13]. A central part of this 
automated design procedure is finding all pinch points. 

A recurring theme in the aforementioned methods 
(rectification body method, column profile maps, and 
temperature collocation) is that determining the pinch 
points is a prerequisite for finding interesting distilla-
tion configurations. Lucia and co-workers have pre-
sented an extensive review of other separation synthesis 
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techniques that also make use of the knowledge of the 
pinch points in distillation, such as the Zero Volume 
method [14], Eigenvalue methods [15] and Minimum 
Vapor Diagrams [16]. However, previous works focused 
on simple column configurations. In this paper we shall 
address pinch point locations for generalized column 
profile maps needed for the design of complex and 
heat integrated columns. Several novel techniques that 
guarantee convergence at speed are presented. The aim 
of these works is thus to present an in-depth under-
standing and highlight underlying properties of Pinch 
Point calculations for all solutions, both zeotropic and 
azeotropic, and to explore the subsequent design im-
plications. Other works like the shortest stripping line 
method [17] have also found great success in distilla-
tion design, but this method won’t be discussed here. 

The paper is structured as follows: Section 2 
gives a theoretical background of the column profile 
map, temperature collocation and rectification body 
methods. It also discusses general properties of the 
difference point equation, such as the significance of 
the vapor liquid equilibrium model and the validity of 
negative compositions for analysis. Section 3 de-
scribes novel mathematical techniques for solving 
each respective phase equilibrium model. The appli-
cability of the considered design methods and the sig-
nificance of pinch points are then discussed in Section 
4, followed by several conclusions that may be drawn 
from this work in Section 5. 

2  THEORETICAL BACKGROUND 

2.1  Design techniques 

The difference point equation.  The difference 
point equation was developed by Glasser and 
Hildebrandt [5] for a generalized column section from 
which a column profile map may be constructed by 
setting parameters such as the reflux ratio and net 
compositional flows. The equations defining a column 
section as a length of column between points of mate-
rial addition or removal as shown in Fig. 1 (a). The 
equation describing the liquid compositional change, 
x(n), along the column section may then be derived 
through a steady state material balance over a column 
section, assuming equilibrium of liquid-vapour phases 
on each stage and constant molar overflow, accompa-
nied by a Taylor expansion, which yields in a vector-
ised form:  
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x x y x X x   (1) 

where � � /T TV L� 	 � �X Y X , /R L� 	 � , and 
V L� 	 � . 
In this equation, R� is a generalized reflux ratio 

in the column section, n the number of stages, and X�, 
known as the mixing or difference point, can be 
thought of as a pseudo composition vector, valid 
anywhere in the composition space. X� need only be a 

real composition in column sections that are termi-
nated by a condenser or reboiler, and like real compo-
sitions it is also subject to the constraint that the sum 
of its components be unity. A negative element entry 
for vector X� is entirely possible in practical design 
situations, and merely implies that the corresponding 
component is flowing downward in the column sec-
tion. Also, a column section with a positive value of 
R� corresponds to an equivalent rectifying section, 
with net upwards flow. The vapour composition y(x) 
can be related to the liquid composition using an ap-
propriate Vapour-Liquid Equilibrium model. For a 
given operating condition like the generalized reflux 
R� and difference point, X�, composition profiles may 
be drawn by integrating Eq. (1). We term a principal 
profile one which terminates in a real product like the 
distillate in Fig. 1 (a). In this case, the product compo-
sition is equal to the difference point composition.. 
There are also other profiles corresponding to com-
plex column sections satisfying the same operating 
line constraints, but producing a liquid and a vapour 
stream, whose mixing composition is equal to the dif-
ference point composition. Hence, secondary profiles 
do not produce a product, but merely two streams 
whose combination would give the difference point. 
These secondary profiles give unique design opportu-
nities for complex column configurations and have 
previously not been investigated systematically. A 
family of such secondary composition profiles with 
different initial compositions are depicted in the col-
umn profile map of Fig. 1(b). 

Note that when our view is confined to a single 
profile only existing within the mass balance as in Fig. 
1 (a), one gains a very limited perspective into how to 
realize a desired separation task. Furthermore, the 
topological features in Fig. 1 (b) extend smoothly 
from the mass balance triangle to regions in which 
some species compositions are negative. The pinch 
points are stationary points of all composition profiles 
shown in Figs. 1 (a) and 1 (b), which means that the 
liquid and vapour compositions no longer change with 
respect to stage numbers. The pinch points location is 
cardinal for understanding the topology of a specific 
separation task, because they delineate all composition 
profile trajectories attainable in a certain column sec-
tion. Also, notice in Fig. 1 (b) that the pinch points 
influence the paths of all profiles. Valuable insights 
may be gleaned by viewing profiles, and their pinch 
points, outside the physically realizable space as they 
have a marked effect on topology of real column pro-
files inside the mass balance triangle.  

Pinch points may be obtained by solving Eq. (1) 
with dx/dn 	 0. Hildebrandt and Glasser investigated 
the topological effects of varying the two relevant de-
sign parameters in the difference point equation, R� 
and X� and moreover, the design implications using 
the CPM method [5]. They showed that placement of 
the X� parameter has a significant effect on the locus 
of pinch points and identified discrete regions of X� 
placement that have similar topological features. Fur-
thermore, at the extreme case of infinite reflux (R� 	 �), 
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the difference point equation simply reduces to the 
residue curve equation and the pinch points are lo-
cated on the pure component vertices of the mass bal-
ance triangle in ideal system. A network of column 
sections, which constitute a complete column, may be 
rendered feasible if two liquid composition profiles of 
neighbouring column sections intersect one another. A 
design technique using column profile maps for 
multi-component separation, entitled temperature col-
location, has been developed to rigorously search for 
such feasible designs. [9] 

It is important to point out that in the derivation 
of the difference point equation, constant molar over-
flow has been assumed, meaning that vapour and liq-
uid flowrates remain unchanged in a column section. 
This assumption assumes an energy balance for the 
column section, and is quite standard practice in con-
ceptual distillation synthesis and holds quite well for 
most mixtures. Essentially, the assumptions are that 
temperature effects, heat losses through column walls 
and heat of mixing effects are negligible, and that the 
heats of vaporization of all components are similar. 
Thus for every mole of the liquid stream that vapor-
izes, a mole on the vapour stream will condense. For 
components that have significant heat and temperature 
effects, this assumption can be easily relaxed [18], al-
though the resulting differential equation is quite 
complex and the insight gained from it is fairly limited. 
Furthermore, the assumption of constant molar over-
flow allows one to establish a relationship between the 
respective utilities in a distillation column. For in-
stance, in a simple distillation column, a relationship 
between the operating refluxes in the rectifying and 
stripping sections (reflux and reboil ratio) can be eas-
ily obtained by performing a mass balance across the 
feed stage. Thus, the assumption of an energy balance 
in a single column section also has the advantage of 
eliminating the energy balance across the entire col-
umn. Again however, relaxing this assumption is a 
relatively simple task, but it doesn’t add significant 
insight to the process of conceptual distillation syn-

thesis, and only the Constant Molar Overflow case 
will be addressed here. 

Rectification body method.  The rectification 
body method was developed by Marquardt’s group [2] 
as a rapid means of determining minimum energy re-
quirements for a proposed split involving non-ideal 
and azeotropic n-component mixtures. This method 
requires that the saddle and stable/unstable nodes be 
known for each column section. A rectification body 
can then be constructed by connecting these two 
points with each other as well as the product specifi-
cation’s coordinate with a straight line, resulting in a 
so-called rectification body. The reflux ratio can then 
altered until the rectification bodies of adjacent col-
umn sections intersect which constitutes a feasible 
design, as shown in Fig. 2. However, it will be shown 
in Section 5 that in general the Rectification Body 
method is neither a necessary nor a sufficient feasibil-
ity criterion, because there are cases where pinch point 
compositions are complex or where the convex recti-
fication bodies do not contain all realizable column 
section profiles. 

 
Figure 2  Intersecting rectification bodies for the benzene/ 
xylene/toluene system
�product composition; �feed composition; �saddle pinch 

point; �stable/unstable pinch point 

           
(a)                                                  (b) 

Figure 1  (a) A single liquid composition profile with R� 	 9 and X� 	 [0.55, 0.15], with the definition of a generalized column 
section, and (b) a column profile map with R� 	 9 and X� 	 [0.55, 0.15] where the solid curved lines represent the column 
profiles, inside and outside the positive composition space, and the dashed triangle indicates the shifted pinch points 
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